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Abstract
In an earlier paper, Alvarez, Alvarez-Gaume, Barbon and Lozano pointed out,
that the only way to "flatten" negative curvature by means of a T-duality is by
introducing an appropriate, non-constant NS-NS B eld. In this letter, we are
investigating this further and ask, whether it is possible to T-dualize AdSd space
to flat space with some suitably chosen B . To answer this question, we derive
a relationship between the original curvature tensor and the one of the T-dualized
metric involving the B eld. It turns out that there is one particular component,
which is independent of B . By inspection of this component, we can then show,
that it is not possible to dualize AdSd to flat space irrespective of B . Finally, we
examine the extension of AdS to an AdS5  S5 geometry and propose a chain of S-
and T-dualities together with an SL(2,Z) coordinate transformation, leading to a
dual D9-brane geometry.
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By now the AdS-CFT conjecture [1, 2, 3] has passed an enormous amount of tests (see
[4] for a review). Most of them explored the large N duality between the boundary-CFT
and the supergravity on AdS5. The common radius of the S
5 and the length-scale of the
AdS5, R, is given by R
4 = (α0)2λ, with λ = g2Y MN representing the ’t Hooft coupling. In
general supergravity as the low-energy limit of string-theory is trustworthy only at large
scales, i.e. small curvatures. Thus tests of the duality probing the supergravity regime
explore the λ !1 parameter region. This predicts how the CFT at large N behaves in
the extreme non-perturbative regime.
The interesting parameter regime, interpolating between the perturbative λ ! 0 and
the extreme non-perturbative λ ! 1 regime, demands that we keep λ nite. Since the
closed string coupling constant gs and the Yang-Mills coupling constant are related via
g2Y M = 4pigs, the large N limit with λ nite, requires gs ! 0. Thus via the AdS-CFT
conjecture, we are able to extract the full quantum information about the CFT in the large
N limit by calculating simply IIB string tree-diagrams. Unfortunately, this wonderful
perspective is obstructed by the fact, that IIB string-theory in the RNS-formulation on
an AdS5  S5 background with N units of RR 5-form flux through the S5 is still obscure
(see [5] for an approach). On the other hand there are proposals for a GS-formulation [6]
which is non-linear and therefore its quantization and computation of string scattering
amplitudes seems to be dicult.
Since string-theory on an AdS5  S5 background is not readily available, one may
seek resort to a dual description of IIB string-theory on a, hopefully, easier background.
As a rst step into this direction, we want to analyze in this paper, whether pure AdSd
space can be dualized to flat Minkowski space. The motivation for this problem stems
from the observation, made in [7], that the only way to "flatten" negative curvature under
T-duality is by introducing an appropriate torsion, generated by B , in the initial space-
time. This can be seen from the following formula2, relating the dual curvature scalar ~R
to the initial one [7]








with A = k/k
2, where k = g, and the associated eld-strength F = ∂A − ∂A.
As usual, the torsion 3-form is the eld strength3 H = dB of the NS-NS 2-form B .
The Killing vector, corresponding to the assumed translational isometry exhibited by the
initial space-time, is given by k and its norm dened by k =
p
gkk . One could now
try to solve (1) for R = − and ~R = 0, with  a positive constant. But this would
include any solution of the vacuum Einstein equations. To decide whether we arrive at
flat space after T-dualization, we have to regard the Riemann curvature tensor.






µ ^ dxν , H = 1
3
Hµνρdx
µ ^ dxν ^ dxρ .
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So let us start quite generally by assuming some coordinate representation of a d-
dimensional manifold, given by x = (x0, x1, . . . , xd−2, xd−1) = (x, x) ; α = 0, . . . , d− 2.











, ~g = g − (gg − BB)
g
,
we observe, that our choice of g = 0 cannot be compensated by an appropriate choice of
some real-valued B (only an imaginary would suce). The reason why we set neverthe-
less g = 0, from the outset, is the following. According to (1), a non-vanishing g = k
tends to make the curvature scalar of the dual metric more negative. Since we start with
a negatively curved AdSd and aim to bring it to flat space, a k 6= 0 would obstruct our
intention.
We assume that the metric g(x
) and the NS-NS 2-form B(x
) do not depend on






d2z (g + B) ∂X
 ∂X
invariant under innitesimal shifts x ! x + k. The Killing vector associated with the
resulting abelian translational isometry, is k∂ = ∂/∂x
, with k = (k, k) = (0, . . . , 1).
With the resulting norm k =
p
g of the Killing vector, a more convenient expression for
the metric (2) in view of our later application, is given in terms of a tangent frame by
ds2 = ηabe
aeb + eiei = ηmne
men , (3)
where the chosen non-coordinate frame el = (ea, ei) reads
ea = ea(x
)dx , ei = eidx
 = δik(x
)dx , (4)




) , ei = 0 (5)





Later, we will also need the inverted vielbein of the isometry direction e i = δ

i/k.
The above mentioned σ-model action is invariant [8] to rst order in  under the
translational isometry δx




 = 0 and the torsion obeys LkH = 0. This implies LkB = dw
for some 1-form w. Here Lk and d denote the space-time Lie- and exterior derivative.
Locally, this is solved by w = ikB − v with dv = −ikH for some 1-form v. Under ik we
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understand the interior product. From now on, we will choose the gauge w = 0, which
leads us with the identity (ikB) = k
B = B to
v = B .
The T-dual metric ~g reduces in the case of k
















a~eb + ~ei~ei = ηmn~e
m~en .
Here the T-dual frame ~el = (ea, ~ei) is given by
ea = eadx






















A useful formula consists of the inverted relation δidx
 = k~ei − e a vea.
The strategy of the calculation of the dual Riemann-tensor will now be as follows.
With the aid of Cartan’s structure equations, we determine the curvature tensor and its
T-dual in the el = fea, eig, resp. T-dual ~el = fea, ~eig frame. In order to compare both
of them, it is further necessary to switch to the equivalent expressions in the common
coordinate base x = (x, x) with the help of the afore mentioned vielbeins.
Therefore, let us begin with (3) and avail ourselves of Cartan’s rst structure equation
for the torsion-less case, dem + ωmn ^ en = 0, to determine
ωab = −∂[γea]e γ[c e b] ec , ωia = e a ∂ ln k  ei , ωii = 0 ,
















e b ∂∂γea − ∂[ejaj]  ∂γe b






Riabc = Rabic = 0
Riaib = −e (a ∂jje b)  ∂ ln k − e a e b (∂∂ ln k + ∂ ln k  ∂ ln k) ,

























b  ∂["ea] +
1
2













a  ∂" ln k + ∂∂ ln k + ∂ ln k  ∂ ln k

,
and all other components zero.





a = −e b e a
dv
k
eb − e a ∂ ln k ~ei , ~ωii = 0 ,
where dv  ∂[v] denotes the exterior derivative of v. Again, from Cartan’s second







a^eb + ~Rlmia~ei^ea, we get the following
non-coordinate frame expressions




















b)  ∂ ln k + e a e b (∂∂ ln k − ∂ ln k  ∂ ln k) .










arrives, after some tedious algebra, at the desired expressions, which relate the T-dual
curvature tensor to its counterpart for the initial metric




dv[dvjjγ] − dvγ  v[∂] ln k + dvγ  v[∂] ln k + dv  v[∂γ] ln k
− dv  v[∂γ] ln k + v[eb]v[γ∂]e "b  ∂" ln k + v[γeb]v[∂]e "b  ∂" ln k







2dv[  ∂γ] ln k + 1
2














a  ∂" ln k
+ ∂∂γ ln k − ∂∂ ln k + ∂ ln k 
(
∂ ln k − ∂γ ln k

(10)





+ 2∂ ln k  ∂ ln k

. (11)
As an application of these general formulas, we now want to verify, if d-dimensional
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AdSd space can be T-dualized to flat space under the inclusion of some suitably chosen












where for simplicity, we have normalized the curvature-radius to 1. For the isometry
direction we choose one of the yj coordinates, e.g. yd−2. In our above convention, the
adapted coordinates are x0 = t, x1 = y1, . . . , xd−3 = yd−3, xd−2 = r, xd−1  x = yd−2.
The curvature tensor of the negatively curved, maximally symmetric AdSd is given by
R = − (gg − gg), which reduces in our parameterization to
R = −r4ηη , R = −η ,
and all other components vanishing. The important observation is, that there is one
particular equation, (11), for the dual curvature-tensor, which is independent of v, resp.
B and hence allows answering our problem. Plugging in the actual norm of the Killing
vector, k = r, for the above AdSd metric, we obtain for the right-hand side of (11), the
value
(
η − 2δd−2 δd−2

/r4. Obviously, this does not fulll the requirement ~R = 0






with A = ∂x
/∂x0 , then guarantees that this term is also non-vanishing for any other
coordinate parameterization of AdSd. Thus flat space cannot be reached from pure AdSd
via T-duality plus the inclusion of some carefully chosen B . The general formulae (9)-
(11) can serve as a starting point for more involved T-dualities, including a non-trivial
B , of AdSd or the more important AdS5  S5 extension to other spaces [9].
Eventually, we turn briefly to the important AdS5  S5 extension of AdS. Here it
seems possible to relate the IIB D9-brane geometry, which describes D=10 space itself,
to the AdS5  S5 geometry. In order to do so, one has to start with a six-fold T-duality,
transforming the D9-brane to the D3-brane. Then, dualizing a IIB D3-brane to its own
near-horizon geometry, one reaches AdS5  S5. This can be done following the work of
























performing a T-duality over x3, x2 brings us to the IIB D1-brane. A further S-duality
transformation yields the fundamental string solution, which is then T-dualized over x1
5
to obtain the gravitational wave solution






e = 1 , B = 0 . (14)
The crucial step to get rid of the constant in the harmonic H8 function consists of perform-
ing rst an SL(2,R) coordinate transformation on the coordinates x0, x1 and subsequently










′1 = 2x1 , (15)
we are guaranteed that the transformation is globally well-dened on (x0, x1) space, which
has the toplogy of a cylinder due to the compactication of x1. After T-duality in x
01 di-





















It is important to note that the last T-duality has again been along a space-like direc-
tion. Therefore we are secured to stay in the Type II string-theory framework instead of
changing to Type II* [11].
Now, proceeding in the inverse manner, a second S-duality promotes us to a modi-
ed D1-brane. Ultimately, with two T-dualities in the x2, x3 directions we end up with
a modied D3-brane solution without a constant part in its harmonic function. As is
well-known, this gives the AdS5  S5 geometry.
Acknowledgements




[1] J. Maldacena, The large N Limit of Superconformal Field Theories and Supergravity,
Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200;
[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge Theory Correlators from
Noncritical String Theory, Phys. Lett. B428 (98) 105, hep-th/9802109;
[3] E. Witten, Anti-de Sitter Space and Holography, Adv. Theor. Math. Phys. 2 (1998)
253, hep-th/9802150;
[4] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Large N Field Theories,
String Theory and Gravity, hep-th/9905111;
[5] D. Polyakov, On the NSR Formulation of String Theory on AdS5  S5, hep-
th/9812044;
[6] R.R. Metsaev and A.A. Tseytlin, Supersymmetric D3-brane Action in AdS5  S5,
Phys. Lett. B436 (1998) 281, hep-th/9806095;
R. Kallosh and A.A. Tseytlin, Simplifying Superstring Action on AdS5  S5, JHEP
9810 (1998) 016, hep-th/9808088;
I. Pesando, A Kappa xed Type IIB Superstring Action on AdS5  S5, JHEP 9811
(1998) 002, hep-th/9808020;
R. Kallosh, J. Rahmfeld and A. Rajaraman, Near Horizon Superspace, JHEP 9809
(1998) 002, hep-th/9805217;
R. Kallosh and J. Rahmfeld, The GS String Action on AdS5S5, Phys. Lett. B443
(1998) 143, hep-th/9808038;
[7] E. Alvarez, L. Alvarez-Gaume, J.L.F. Barbon and Y. Lozano, Some Global Aspects
of Duality in String Theory, Nucl. Phys. B415 (1994) 71, hep–ph/-th/9309039;
[8] M. Rocek and E. Verlinde, Duality, Quotients and Currents, Nucl. Phys. B373
(1992) 630, hep–ph/-th/9110053;
[9] A. Krause, work in progress;
[10] H.J. Boonstra, B. Peeters and K. Skenderis, Duality and Asymptotic Geometries,
Phys. Lett. B411 (1997) 59, hep-th/9706192;
[11] C. M. Hull, Timelike T-Duality, de Sitter Space, Large N Gauge Theories and Topo-
logical Field Theory, JHEP 9807 (1998) 021, hep-th/9806146.
7
